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Abstract. The operational structure of quantum couplings and entangle- 
ments is studied and classified for semifinite von Neumann algebras. We show 
that the classical-quantum correspondences such as quantum encodings can 
be treated as diagonal semi-classical (d-) couplings, and the entanglements 
characterized by truly quantum (q-) couplings, can be regarded as truly quan- 
tum encodings. The relative entropy of the d-compound and entangled states 
leads to two different types of entropy for a given quantum state: the von 
Neumann entropy, which is achieved as the maximum of mutual information 
over all d-entanglements, and the dimensional entropy, which is achieved at 
the standard entanglement - true quantum entanglement, coinciding with a 
d-cntanglement only in the case of pure marginal states. The d- and q- infor- 
mation of a quantum noisy channel are respectively defined via the input d- 
and q- encodings, and the q-capacity of a quantum noiseless channel is found 
as the logarithm of the dimensionality of the input algebra. The quantum 
capacity may double the classical capacity, achieved as the supremum over all 
d-couplings, or encodings, bounded by the logarithm of the dimensionality of 
a maximal Abelian subalgebra. 



1. Introduction 

The entanglements, as specifically quantum correlations yet first considered by 
Schrodinger in pi], now are used to study quantum information processes, in par- 
ticular, quantum computations, quantum teleportation and quantum cryptography 
|2j [I| . There have been mathematical studies of the entanglements in || @, fjl £1 , 
in which the entangled state of two quantum systems is defined as a compound 
state which is not a convex combination J2 n &n ® ^nP ( n ) with some states g n and 
<;„ on the corresponding algebras A and B. However, it is obvious that there exist 
several types of correlated states, written as 'separable' forms above. Such corre- 
lated, or classically entangled states have also been discussed in several contexts in 
quantum probability, such as quantum measurement and filtering |l^| , quantum 
compound states Jll], [l^] and lifting 13 1. 



In this paper, we study the mathematical structure of classical-quantum and 
quantum-quantum couplings to provide a finer classification of quantum separable 
and entangled states. We also discuss the informational degree of entanglement and 
entangled quantum mutual entropy and quantum capacity. The latter are treated 
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here solely as quantities arising in certain maximization problems for quantum 
mutual information which is generalized here for arbitrary semifinite algebras. 

The term entanglement was introduced by Schrodinger in 1935 out of the need 
to describe correlations of quantum states not captured by mere classical statistical 
correlations which are always the convex combinations of noncorrelated states. In 
this spirit the by now standard definition || of the entanglement in physics is the 
state of a compound quantum system 'which cannot be prepared by two separated 
devices with only correlated classical data as their inputs'. We show that the 
entangled states can be achieved by quantum (q-) encodings, the nonseparable 
couplings of states, in the same way as the separable states can be achieved by 
classical (o) encodings. 

The compound states, called o-coupled, are defined by orthogonal decomposi- 
tions of their marginal states. This is a particular case of a so called diagonal (d- 
compound) state of a compound system which is achieved by the classical-quantum 
correspondences called encodings. The d-compound states as convex combination 
of the special product states are most informative among c-compound states, in 
the sense that maximum of the mutual entropy over all c-couplings of probe sys- 
tems A to the quantum system B with a given normal state ? is achieved on the 
extreme d-coupled (even o-coupled) states. This maximum is the von Neumann 
entropy, which is bound by the rank-capacity InrankB, the supremum of S (?) over 
all ?. The rank rankB of the algebra B is a topological characteristic of B defined 
as the dimensionality of the maximal Abelian subalgebra A C B (in the case of 
the simple B it coincides with the dimensionality dimW of the Hilbert space H 
of representation for B) . The von Neumann capacity defined as the maximal von 
Neumann entropy, i.e. as the maximum C c = InrankB of mutual entropy over all 
c-couplings of the classical probe systems A to the quantum system B, is finite 
only if rankS < oo. Due to dim 23 < (rank£>) 2 (the equality is only for the simple 
algebras B) it is achieved on the normal tracial density operator a — (rankS) 1 1 
only in the case of finite dimensional B. 

We prove that the truly entangled compound states are most informative, in the 
sense that, the maximum of the mutual entropy over all couplings including entan- 
glements of the quantum probe systems A to the quantum system B is achieved 
on a non-separable q-compound state. It is given by the standard entanglement, 

an extreme entanglement of A = B with the marginal state g = ?, where is 

the transposed (time inversed) system to (B, ?). The maximal information gained 
for such extreme q-compound states defines another type of entropy, the q-entropy 
H (?) , which is bigger than the von Neumann entropy S (?) in the case of mixed 
?. The maximum of the q-entropy H (?) over all states ? defines the dimensional 
capacity lndim£>. The dimensionality dim£> of the algebra B is the major topo- 
logical characteristic of B, and it gives true quantum capacity of B achieved at 
the standard entanglement with the maximal chaotic ?. Thus, the true quantum 
capacity is the maximum C q = In dim B of the mutual entropy over all, not only 
classical-quantum couplings of the probe systems A to the quantum system B, and 
it is finite only for the finite dimensional algebra B. The q-entropy H (?), called 
also the dimensional entropy, can be considered as the true quantum entropy, in 
contrast to the von Neumann entropy S (?), called also rank-entropy, or c-entropy 
(semi-classical entropy) as the supremum of mutual entropy over couplings only 
with only classical probe systems A. The capacity C q coincides with C c only in 
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the classical case of the Abelian B, and it is strictly larger then the semi-classical 
capacity C c = In rank£> for any noisless quantum channel. We shall show that the 
capacity C q = lndim£> is achieved as the supremum of the quantum Shannon in- 
formation for the noisless channel over the entanglements as q-encodings similar to 
the capacity C c which is achieved as the supremum over c-encodings described by 
the classical-quantum correspondences A — > B. 

In this paper we consider the case of semifinite quantum systems which are 
described by the von Neumann algebras A and B with normal faithful semifinite 
trace. Such quantum systems include all simple quantum systems described by full 
operator algebras as well as all classical systems as the commutative case. The 
particular cases of simple and discrete decomposable algebras are considered in 



2. Pairings, Couplings and Entanglements 

In this section we give mathematical characterization of entanglement in terms 
of quantum coupling which is described in terms of transpose-completely positive 
operations extending individual states to compound state of a composed quantum 
system. We show how any normal compound state can be achieved in this way, and 
introduce the standard entanglement as an operation giving rise to the standard 
entangled compound state. 

Let TL denote the Hilbert space of a quantum system, and B — C (TL) be the 
algebra of all linear bounded operators on TL. Note that B consists of all operators 
A : TL — » TL having the adjoints A' on TL. A linear functional <j on B with complex- 
values ? (B) G C is called a state on B if it is positive (i.e., ? (B) > for any positive 
operator B = A^A in B) and normalized (i.e., ?(J) = 1 for the identity operator I 
in A). A normal state can be expressed as, 

(2.1) q(B) = Tvx ] Bx = (B,a) , B e B, 

where x is a linear Hilbert-Schmidt operator from TL to (another) Hilbert space G, 
and x' is the adjoint operator from Q to TL. Here Tr stands for the usual trace in 
Q (in the case of ambiguity it will also be denoted as Trg). This x is called the 
amplitude operator which can always be considered on Q = TL as the square root 
of the operator xx> (it is called simply the amplitude, if Q is the one dimensional 
space C, x = rj e TL with x = \\ri\\ 2 = 1, in which case x^ is the functional 
from H to C). 

We can always equip TL (and will equip all auxiliary Hilbert spaces, e.g. Q) 
with an isometric involution J = j\ J 2 = I having the properties of complex 
conjugation 

and denote by (B, a) the tilde-pairing TrBa of B with the trace class operators 
a € T (TL) such that a = Ja^J. We shall call a = Jxx^J = x'x the probability 



density of the state (2.1) with respect to this pairing and assume that the support 
E a of a is the minimal projector E = E' £ B for which q (E) = 1, i.e. that 
E a := JEcrJ = E a . The latter can also be expressed as the symmetricity property 
E a = E a with respect to the tilde operation (transposition) B = JB^J on C(TL). 
One can always assume that J is the standard complex conjugation in an eigen- 
representation of a such that a = xx^ = a coincides with a as the real element 
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of the invariant maximal Abelian subalgebra A C C (Ti) of all diagonal (and thus 
symmetric) operators in this basis. 



The auxiliary Hilbert space Q and the amplitude operator in (2.1) are not unique, 
however x is defined uniquely up to a unitary transform k* h- > Ux' in Q . Q can 
always be taken to be minimal by identifying it with the support Ti a = E a Ti for 
a defined as the closure of o~Ti (E a is the minimal orthoprojector in B such that 
oE = cr). In general, Q is not one dimensional, the dimensionality dim Q must 
not be less than rankx* = ranker, the dimensionality of the range ranp = r&nx^ of 
p = x^ x coinciding with the support Q p for this p ~ a. 

Given the amplitude operator x : Q — > Ti, one can define not only the state c 
but also the normal state, 

(2.2) q(A) = TrxUx = (A,p), A e A, 

on A = C (Q), as the marginal of the pure compound state 



w(A®B) = TiAx^Bx = Trx^AxB, 

where u> is defined on the algebra A <8» B of all bounded operators on the Hilbert 
tensor product space Q ® Ti. 

Indeed, the defined bilinear form, with A = J A 1 J, is uniquely extended to such 
a state given on C (Q (£> Ti) by the amplitude tp = x' , where x' is uniquely defined 
by (C <8 ??) f x' = rfxJQ for all C G G, V G W. 

This pure compound state u> is the so called entangled state [[l] unless its marginal 
state ^ (and g) is pure corresponding to a rank one operator x< = (rf , in which 
case io = g ® <j is given by the amplitude v = Q ® rj. The amplitude operator x 
corresponding to mixed states on A and B will be called the entangling operator of 
p = x^ x to a = x^ x. 

As follows from the next theorem, any pure entangled state 

uj (A ® B) = ^ (A ® B) V>, A® £ e £(5®H) 

given by an amplitude ip G £7 <S> 7i, can be described by a unique entanglement x 
to the algebra A = C (Q) of the marginal state <, on B = C (Ti). 

Before formulating this theorem in the generality required for further consider- 
ations, let us introduce the following notation. 

Let A be a *-algebra on Q with a normal, faithful, semifinite trace p, A de- 
note the commutant {A £ C(Q) : [A, A] = Q,MA e A} of A, and \ A,p\ denote 

the transposed algebra of the operators A with p (A) = p (^Aj , which may not 

coincide with (A, p) (nor with A'). We can always assume that A = J A 1 J with 
respect to an involution J on Q representing A on the same Hilbert space Q and 
in most cases A — A and p — p but not in the standard representation unless 
A is Abelian algebra. We denote by A^ C A the space of all operators A 6 A 
in the form X s z, where x,z G a M , with a M = {x G A : /z (a^ic) < oo}. (Q^, i, J^) 
denotes the standard representation i : .4 — > £ (t/^) given by the left multiplication 
l (A) x = Ax on a^, with the standard isometric involution J M : x >— > defining 

the representation Z ^/l^ = J^i {A^) J M of .4 on the completion of the module 
a M with respect to the inner product (x\z) — p(x'z). We recall that the von 
Neumann algebra A defined by A" = A is anti- isomorphic to i (A)' = J^l (A) J M 
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and thus A ~ i (A) and that A = .4* as the space of all continuous functionals 
A : </> i— > (^4>,Aj with respect to the *-norm \\(j>\\^ = sup {\p (A(f>)\ : \\A\\ < 1} on 
Afj, and the pairing 

x^z,A^ = p(zAx ] ) = (^A.x^z^j , x f z e A^, .A e A. 

The completion of A^ with respect to the norm ||-||^ is the predual Banach space, 
denoted as A* ( if p = t\A is the usual trace r = Trg on .4, then A^ coincides with 
A* as the class A T = A fl of trace operators T(£) = {x^z : x,z £ <S (<?)}, 

where 5 (<?) = {a; £ £ (£) : Trg^x < oo}). 

If .4 is not the algebra of all operators C (Q), the density operator p for a normal 
state (^^) is not unique with respect to r = Tig . However it is uniquely defined as 
the bounded probability density p = Jx^xJ = x'x with respect to the restriction 
p = t\A (i.e. as the density operator with respect to p) describing this state as 
(A, p) = p(xAx<} by the additional condition x = x £ A^. Note that each 
probability density p £ A^ describing the normal state g(A) — (A,p) on A 3 A 
is positive and normalized as (I,p) = 1. However the predual space A* as the 
^-completion of A^ may consist of not only the bounded densities with respect to 
p (however each p 6 A* can always be approximated by the bounded p n £ .4^). 

In the following formulation B can also be the more general von Neumann alge- 
bra, rather than C (TC), with a normal faithful semifinite trace v : B v i— > C defining 
the pairing = v (u^Buj, where u £ b u {By — b\,b v coincides with £>* in 

the case of the standard trace v (Ba) = TrBa = (B, a) u when b„ is the space of 
Hilbert-Schmidt operators y £ B and B = B). 

Theorem 1. Let to : A® B — > C be a normal compound state 

(2.3) lu {A <g> B) = t (v{A®B)vA := (A ® B, v^v) , 

described by an amplitude operator v:Q®TL^'£®J-on the tensor product of 
Hilbert spaces £ and T , satisfying the condition 

V^V £ A®B, T (W) = 1, 



where t ~ p®v is the trace r (vv'j = (J® I, v^v) defined in (2.S) by the pairing 
for A®B with respect to p®v. Then this state is achieved by an entangling operator 
x : Q ® J- £ ®TL as 

(2.4) {A,v(>J (I®B)x)) = uj{A® B) = (B,p(& (A®I)Zc)) v 
for all A £ A and B £ B such that 

v (V (I ®B)x)C A, p (x^ (A ®I)x) C B. 
The operator x together with x — J>r J is uniquely defined by v — Ux 1 , where 

(2.5) (£ «) ?/) V (C «> Jr?) = (^r?) f x(C® J??'), t e£,rf e F,c eg,ri eH, 

up to a unitary transformation U of the minimal subspace space ranu C. £ ® J-. 
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Proof. Without loss of generality we can assume that £ — Q p , T = 7i a and v' = 
v (E p <g) E a ) as the support {Q ® TL) v i v = ranu^ for v'v is contained in Q p ® H a - 

Due to v^v £ ^A! (g> B'^j the range of u is invariant under the action 

{A®B)v = v{AE p ®BE a ), VAeA',BeB> 

of the commutant ( A ® B^j = A' €3 B' . Let us equip Q and 7i with the involutions 
J leaving invariant C? p = E p Q and W CT = E a TL denoting J p — E p J, J a — E a J and 
E ® J- — Q p ® H a with the induced involution J (£ ( g) 77) = J p C, <S> JaV- It is easy to 
check for such v and x = v' defined by v — x' in (2J)) that for any A € A' and 
BeB' 

(At, <E> r?) x (C <8 S J77') = ^A£ <g> B7/) * u (£ J??) = (f <g> r)') f v (a£ ® JBr^ 

^ ® i??y) * >r (AC ® Jr/) 



where A = JAJ el, B = JBJ £ B' . Hence for any BeB 

(A ® B') ^ (I®B)k= x* (A <g B'B) x = (J B) x (A (g) B') , 

where i e ij, := A'£ p , £?' e Z% := ,B'£ CT , and for any iei 

(A ® B) x f (A <g> I) x = x (A A ® B) x f = x f (A <g> I) x (A' ® B) , 
where A' e A' and B € B' . Thus for all A e A and BeB 

*t (J <g, B) x € (a], <g> , x f (A <g> J) x e ( A p (8) % 
Moreover, due to A" p = B P AB P = Ap and B' a = E a BE a = B a 



x f (J8B)xC JpAp J p (8) E a B v E a := (a p ® 



x 1 * (A (g) 7) x C EpA^Ep 3„B v J a := (A p <g> 

as bounded by ||-B|| x^x and by ||A|| x x respectively. The partial traces and /j, 
on these reduced algebras are defined as 

(2.6) v (x f (I O B) x) = (5, utt,)^ ; ^ ( x f (A o 7) x) = (A, , 
according to (A, (B, \ftv)^j ^ = (A ® B, w^w) = ^B, (A, v^v) ^ , where 

(B, w t w) iy = v ({I <g> B) ut v J , (A, u t u) Ai = M ((A ® Z) 
In particular 

v fx^x) = £ (f 'u) — p, n (x x) = /2 (u'u) = (j. 

Any other choice of v with the minimal £ ® T Q p ® TL a is unitary equivalent to 
x>. I 
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Note that the entangled state ( |2.3| ) is written in (2.4) as, 
(B, m {A)) v = u(A®B) = (A, ^ (2?)> M , 

in terms of t he m utually adjoint maps w : A — > B* and w 1 : B — > A*. These maps 
are given in (|2.6|) as 



(2.7) vj(A) = (A^v)^ = tt*{A), (B) = (B, v^v) v = n (B), 

where the linear map tt : B — ► A^ and the adjoint tt* : A ^ B v are defined as 
partial traces 

7T (B) = v ((I (8 B) tAv \ , 7T* (A) = (i ((A <g> I) vU?j . 



The linear normal map w in ( |2.6| ) is written in the Kraus-Stinespring form [[L6| 
and thus is completely positive (CP). It is not unital but normalized to the density 
operators a = ui (I) with respect to the weight v. 

A linear map tt : B — > A* is called tilde-positive if the map 7r defined as 7r (B) := 
Jtt (B) J is positive for any positive (and thus Hermitian) operator B > in the 
sense of non-negative definitcncss of B. It is called tilde- completely positive (TCP) 
if the operator-matrix tt (B) = Jtt (B)^ J is positive for every positive operator- 
matrix B = [B ik \ = B*, where A* = A\ k , B* = B\ t (and thus A f = [Am] 
for A = [Aik] > 0, and B* = B for B > 0). Obviously every tilde-positive and 
tilde-complctcly positive tt is positive as positive is A = JA^ J for every positive A, 
but it is not necessarily completely positive unless A — A for all A 6 A, in which 
case A is Abelian (or the Abelian is B). 

The map tt defined in (2.8) as a TCP f-map, 7r(St) = tt (B)\ is obviously 



transpose-CP in the sense of positivity of tt (B)^ = [n (Bki)] = tt (B^) for any B > 0, 
but it is in general not CP. Because every transpose-CP map can be represented as 
tilde-CP: there might be a positive-definite matrix B for which tt (B) is not positive. 
Note that the adjoint map tt* = tt t is also TCP, as w ell as the maps tt = tt and 
7r T = tt* , where tt (B) = Jtt (£?) J, obtained from (|2.6| ) as partial tracings 

(2.8) 7? (B) = v (V (l ® B) x) , tt t (A) = n (V (1 ® /) xV 

In these terms, the compound state ( |2.4| ) is written as, 

(A|7r(S)) M =o;(At®S)=(7r* (A)|5) w> 

where = (y,x) defines an inner product which coincides in the case of traces 
with the GNS product (x\y). 

In the following definition the predual space B T = £>» (as well as A T — A*) 
is identified by the pairing (B,a) u = <; (B) with the space of generalized density 
operators a which are thus uniquely defined as selfadjoint, in general unbounded, 
operators in TL. Note that B T = B v if B = B and v = Tin = v. 

Definition 1. A TCP map tt : B — > A* (or B — > A^ C A*) normalized as 
ix (tt (I)) — 1 and having an adjoint with tt* (A) C 6, (tt* (A) C B v ) is called nor- 
mal coupling (bounded coupling) of the state <j = fi o tt on B to the state g — v o tt* 
on A. The CP map w : A — > B T (or A — > B v C i3 Ty ) normalized to the probability 
density a — vj (I) of s with zu T (I) e B* (zu 1 (I) <E A^) will be called normal entan- 
glement (bounded entanglement) of the system (A, g) with the probability density 
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p = w 1 (I) to (B, <;) ■ The coupling n ( entanglement w) is called truly quantum if it 

is not CP (not TCP). The self-adjoint entanglement w q — w* q on (A, g) = 

(or symmetric coupling ir q — 7rJ into A* = B T ) is called standard for the system 
(S, <;) if it is given by 

(2.9) w q {A) ^o^Ao 1 ' 2 , ■K q (B) = a l ' 2 Ba 1 ' 2 . 

Note that the standard entanglement is true as soon as the reduced algebra 
B a = E a BE a on the support TL a — E a H of the state <r is not Abelian, i.e. is not one- 
dimensional in the case B = C (TC), corresponding to a pure normal on B — C (H). 
Indeed, n q restricted to B a is the composition of the nondegenerated multiplication 
B a 3 B ^ a l/2 B 5 1/2 (which is CP) and the transposition B = JBU on B a 
(which is TCP but not CP if dimH CT > 1). 

The standard entanglement in the purely quantum case B = B {TL) = B, v = 
Tr = v corresponds to the pure standard compound state 

(2.10) Tr Aa 1 ' 2 Ba 1 ' 2 =u q (A®B) = TrBa 1 / 2 !^ 1 / 2 

on the algebra B (£> B. It is given by the amplitude v' ~ l^ 1 / 2 ) = tp, with |cr 1 / 2 )t — 
x 1 = (a^ 2 \ defined in @ as x' (C ® Jrf) = x( for x = a 1 / 2 . 

Any entanglement on A = C{Q), p = Tr corresponding to a pure compound 
state is true if rankp = ranker is not one. If the space Q is also minimal, Q = Q pi 
it 1 is unitary equivalent to the standard one n q . Indeed, m (A) = w Ak can be 
decomposed as 

m(A) = g i!2 U^AVcj 1 I 2 = w q (U ] AU) , 

where U : a 1 / 2 !] xrj is a unitary operator from TL a onto the support Q p of 
p = UaW with nonabelian A p = C (Q p ) and B a = W A P U = C (Ha). 

Note that the compound state (2.4) with h — a 1 ! 2 corresponding to the stan- 
dard w — vj q can always be extended to a vector state on B V B in the standard 
representation (7i„, i, J v ) of B = i (B) when B — J U BJ V = B' . However it cannot 
be extended to a normal state on B ® B in the case of nonatomic B. If B is a 
factor this state is pure, given in the standard representation 8 V B — C by 
the unit vector y — a 1 ^ 2 € H v ; however it is not normal on B <® B unless B is type 
I:B~£(H). 



3. C-, D- AND O-COUPLINGS AND ENCODINGS 

In this section we discuss the operational meaning of couplings corresponding to 
different types of encodings which are treated here solely in terms of coupling maps 
on input of a quantum physical system. We hope that this mathematical treatment 
will provide a new physical insight for the corresponding asymptotic problems of 
quantum information. 

The compound states play the role of joint input-output probability measures 
in classical information channels and can be pure in the quantum case, even if the 
marginal states are mixed. The pure compound states achieved by an entanglement 
of mixed input and output states exhibit new, non-classical type correlations, which 
are responsible for the EPR type paradoxes in the interpretation of quantum theory 
kj. However, mixed, so called separable states on A®B, defined as convex product 
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combinations 

lo c (A® B) — ^2 Qn (A) (B)p(n), 

n 

which we refer as the c-compound states, do not exhibit such paradoxical behavior. 
Here p (n) > 0, Pn — 1 , is a probability distribution, and g n : A — > C, q n : B — ► C 
are usually normal states defined by the product densities p n ® a n € A 7 <S> 23 T of 
w n = Q n ® a n- Such compound states are achieved by c- couplings ir c : B — > A* 
given by 7r c = wj, where 

^ C (A) = p„ (A) ct„p (rc) , tuJ (5) = ^ ?n (-B) p„_p (n) , 

n n 

Here p„ G ,4* and a n 6 23* are the probability densities for g n and <; n with respect 
to given traces fi and ^ on A and 23. Note that the c- entanglement zu c , being the 
convex combinations of the primitive CP-TCP maps w n (A) — g n (A) o~ n G 23 T , is 
not truly quantum. 

The separable states of the particular form 

(3.1) u d (A®B) = ^(n\A\n)<;{n,B), 

n 

where g n (A) = (n\A\n) are pure states on A = C (Q) = A given by an ortho-normal 
system {\n)} C G, and <; (n, B) — (B, a (n)) v with a (n) = a n p (n), are usually con- 
sidered as the proper candidates for the input-output states in the communication 
channels involving the classical-quantum (c-q) encodings. Such a separable state 
was introduced by Ohya (T| |lj using a Schatten decomposition p = Y1 \ n )( n \P ( n ) 
of the input density operator p G T (Q) into the orthogonal one-dimensional pro- 
jectors p n = \n){n\. Here we note that such a state is the mixture of the classical- 
quantum correspondences rent \n){n\® o~ n which can be described as the compo- 
sition of quantum channeling \n}{n\ i— > o~ n and the errorless encodings n i— > |n)(n| 
in the sense that they can be inverted by the measurements \n)(n\ <— > n as input 
decodings. We shall call such separable states d-compound as they are achieved by 
the diagonal couplings Hd — vj T d (d-couplings) to the subalgebra Ad Q A. of the 
diagonal operators A — a (n) \n){n\, where 

(3.2) Wd (A) = J2(n\A\n)a (n) , uj} (B) = £ ? (n, fl) |n)(n| 

n n 

with respect to the standard transposition (n\A\m) — (m\A\n) in the eigenbasis of 
P- 

Actually Ohya obtained the compound states ujd as the result of the composition 

uj d {A® B) = uj {A® A (B)) , 

of quantum channels as normal unital CP maps A : B ^ A and the special, o- 
compound states 

(3.3) oj {A®B) = ^2{n\A\n)p (n) (n\B\n) 

71 

corresponding to the orthogonal decompositions 

(3.4) w (A) =J2(n\A\n)p (n) \n}(n\ = w\ (A) 

n 

such that ?„ (B) = (n\A{B)\n),a n = A T (|n)(n|), where (B,A T (p)) y = TrgA (B) p. 
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Assuming that (A, p) = Trg; Ap, we can extend this construction to any discretely- 
decomposable algebra A = A on the Hilbert sum Q = ®Qi with invariant com- 
ponents Gi under the standard complex conjugation J in the eigen-basis of the 
density operator p = JpJ = p. In particular, the von Neumann algebra A might 
be Abelian, as it is in the case A = A for all A G A, e.g. when A = A is the 
diagonal algebra of pointwise multiplications Ag — ag — Ag by the bounded func- 
tions nun (n) G C on the functional Hilbert space Q = £ 2 3 g with the standard 
complex conjugation Jg = g. In this case the densities p G A* are given by the 
summable functions p E £ l with respect to the standard trace pi (p) — ^p (n), and 
any compound state has the separable form with g n (A) = a (n) corresponding to 
the Kronecker (5-densities p n — S n . The normal states on the A ~ £°° are described 
by the probability densities p (n) > 0, J^Pi 71 ) = 1 with respect to the standard 
pairing 

(Ap) M = 5>(n)p(n), pe^asf 

of Ap, — A* with the commutative algebra A. Every normal compound state u on 
A <g> B is defined by 

uj c (A ® B) = J2 a ( n ) ( B > ° i n ))v > 

n 

where a (n) — <r n p (n) is the function with positive values a (n) G B T normalized 
to the probability density p(n) = (I,a(n)) . Thus all normal compound states 
on £°° (g) B are achieved by c- couplings ir c = mj. : B — > t with ir]. = w c given by 
convex combinations of the primitive CP (and TCP) maps w n (a) = a (n) o~ n € 

tu c (A) = a (n) cr (n) , w\ (B) = <? (n, B) 5 n , 

n n 

where q (n, 7?) = (B, cr (n))^. 

Note that any d-coupling can be regarded as quantum-classical c-coupling, achieved 
by the identification a(n) = (n\A\n) of £°° 3 a and the reduced diagonal algebra 
A = {J2 \n)a{n) (n| : A G A}. This simply follows from the commutativity of 
the density operators p = J2\n)(n\p ( n ) f° r the induced states g (A) = u>d (A ® 7) 
identified with pef 1 . 

In the case ,4 = C (Q) and pure elementary states to n described by probability 
amplitudes v n = X n ® V'n, where x„ = |x n ) EQ,^ n = \ip n ) G H, we have density 
operators p„ = xliXn an d "'n = Wr$n of rank one. The total compound amplitude is 

1/2 

obviously v — ^2\n)v (n), where v (n) = Xn®*PnP ( n ) are the amplitude operators 
Q ®7i — > £ 2 satisfying the orthogonality relations 

v (n) ' v (to) = p n <8> o n p (n) 5™ 

corresponding to the decomposition v'v = ^2p n ® a n p(n). The "entangling" op- 
erator for the separable state x can be chosen as either as x = ^ \n)x{n) or as 
x = ^2x{n) (n\ or even as x = ^ \n)x(n) (n\ with x(n) = \ n ® V* where 

~ ~ 1 /2 

Vv ( n ) = V'nP ( n ) ■ in particular a d-entangling operator x corresponding to d- 
encodings ( |3.2[ ) is diagonal, x = Yl \ n )i ; ( n ) ( n \ 011 ^ = ^ i corresponding to the 
orthogonal \ n — |n). Thus, we have proved the Theorem 2 below in the case of 
pure states <; n and g n . But, before formulating this theorem in a natural generality 
let us introduce the following notations. 
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The general c-compound states on A ® B are denned as integral convex combi- 
nations 



<{A®B) = j Qx (A) ?I (B)p(dx) 



given by a probability distribution p on the product-states g x <g> <Tx ■ Such compound 
states are achieved by convex combinations of the primitive CP (and TCP) maps 
= w l with w x (A) = g x (A) a x : 

(3.5) w c (A) = J g x (A) a x p (dx) , w\ (B) = J <; x (B) PxP (dx) . 

This is always the case when the von Neumann algebra A is Abelian, and thus can 
be identified with the diagonal algebra of multiplications (Ag) (x) = a (x) g (x) by 
the functions a G on the functional Hilbert space Q = L 2 ^ with respect to a 
(not necessarily finite) measure /ionl. It defines trace p on A^ ~ L^CiL^ as the 
integral p (p) = Jp(x)p(dx) for the bounded multiplication densities (pg) (x) = 
p (x) g (x). The normal states on A are given by the probability densities p G L 1 ^ 
with respect to the standard pairing 

(A,p)^ = J a(x)p(x)p(dx) , p&L^a&L™ 

of A* = Aj ~ L 1 ^ and A = A ~ corresponding to the trivial transposition 
a = a. Any normal compound state u> on A<S>B ~ (A" — > B) is the c-compound 
state, defined on the diagonal algebra A by 

(3.6) u d (A® B) = J a(x)s(x,B) p(dx) , 

where <; (x, B) — (B, a (x)) is an absolutely integrable function with density opera- 
tor values a (x) — a x p (x) normalized to the probability density p (x) = (I, a (x)) v — 
$(x,I). It corresponds to d-couplings = w J d = n d with 7rJ = vo d decomposing 
into w (x, A) = a (x) a (x): 

(3.7) w d (A) = J a (x) a (x) p (dx) , zu J d (B) = J ? (a;, B) S x p {dx) , 

where 5 X is the (generalized) density operator of the Dirac state g x (A) = (A, S x )^ — 
a (x) on the diagonal algebra A. 

Theorem 2. Let uo c : A ® B — > C be a normal c-compound state given as 

(3.8) lu c (A ® B) = J p x (xMx.) "x p (dx) , 

where \ x '■ G ^ £x, tp x '■ T~t ~> Fx are linear operators having bounded transpose 
X. = Jx-J- i } - = Jip^J- on Hilbert spaces E. = J £ x p(dx), T. = / T x p (dx) with 
respect to pointwise involution J. = J? . We also assume that 

xlXx G A^l^x G ^> Mx (x f X.) = 1 = ^ (V'. V'.) 
wii/i respect to the traces 

(3-9) Mx(^X.) = (^xiXx) M . ^(%) =(/,^)^ 
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Then this state is achieved by a decomposable entangling operator x = J Xx ® 
ip x p (dx) defining c- entanglement \3.b\ ) with 

(3.10) Qx (A) = fi x (xUx.) , S» (B) = vx ($Aj>) , 

corresponding to the pr obab ility densities p x — X X X X ' °~x = V^Vv ^ n particular, 



every d-compound state ( 3.6 ) corresponding to p (dx) = p (x) /J, (dx) with the Abelian 
algebra A can be achieved by the orthogonal sum of entangling operators x x = 
S x <8 4> x defining d- entanglement ( j?. 7[ ) with 

a (x) = iplip x p (x) , ? (x, B) = v x (ip.A^^j p (x) . 

Proof. The amplitude operator v — f® v x p (dx) corresponding to c-compound state 
( |Q| ) is defined as the orthogonal sum of v x = X x ®^x on G®7~L into J® £ x ®FxP (dx). 
Without loss of generality we can assume that £ x = Q p , T x = li, a and v x — 
v x (E p (g) E a ) because the support (Q ® T~L) V \ V = ranwj. for 

vtv x = xlXx ® i>\^x = Px ® °x 

+ — 1 t ~ ' 

is in Q p (g> Ha- Due to x x X x e A' , i> x ip x e B' f° r almost all x, the operators x x 

and ip x commute with A G A' and B G B' respectively, and ^ commutes with 
B G B' for almost all a;. Thus, 



which defines the traces (3.9) on eg) ^4 and ® B for almost all a;. The rest 
of the proof is a repetition of the proof of Theorem 1 for each x, with the addition 
that k x is the product v' x = x x ® i>x f° r each x. The total entangling operator 
x ■ Q ® T. — > £. ®W acts componentwise as x x (£ ® 7J.) = X^C ® ^x 7 ?^ 

In the case of d-compound state ( |3.6| ) one should take £ = L^, £ x = C, and 
X x 9 = 3 Thus the entangling operator in this case is given as 

x(g®V.) = / 3 (») V^xM ( da; ) - Vg€Ll,ri.= r] x fi(dx) E J 7 .. 



Note that c- entanglements o7 c in (3.5) are both CP and TCP and thus are not 



true quantum entanglements. The map ru c : A — > B T with Abelian algebra ,4 in 
( |3~7| ) is described by a B T -valued measure a (dx) = a (x) fi (dx) normalized to the 
input probability measure as p (dx) — (I, a (dx)) v . This gives the concise form for 
the description of random classical-quantum state correspondences x >—> a x with 
the given probability measure p, called encodings of a = J a (dx). 

Definition 2. Let both algebras A and B be non-Abelian. The map w : A — > B T 
is called a c-encoding of (B, <r) if it is a convex combination of the primitive maps 
°~nQ n given by the probability densities a n £ B T and normal states g n : A — ► C. 



It is called d-encoding if it has the diagonalizing form (3.i) on A, and it is called 



o-encoding if all density operators o~ n are mutually orthogonal: o~ m o~ n — for all 



m =/= n as in (3.4). The entanglement which is described by non-separable CP map 



vo : A — > B T will be called q-encoding. 
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Note that due to the commutativity of the operators A®I with I®B on G®7i, one 
can treat the encodings as nondemolition measurements in A with respect to 
B. The corresponding compound state is the state prepared for such measurements 
on the input Q. It coincides with the mixture of the states corresponding to those 
after the measurement, without reading the message sent. The set of all d-encodings 
for a Schatten decomposition of the input state p on A is obviously convex with 
the extreme points given by the pure output states ^„ on B, corresponding to the 
not necessarily orthogonal (not Schatten) decompositions a — J2 a ( n ) m t° the 
one-dimensional density operators a (n) — p (n) o~ n . 

The Schatten decompositions a — Y] q (n) a n correspond to o-encodings, the 
extreme d-encodings a n — r)^^, p(n>) = q(n) characterized by the orthogonality 
o~m,o~n = 0, m ^ n . For each Schatten decomposition of a they form a convex 
subset of d-encodings with mixed commuting a n . 

4. Quantum versus von Neumann Entropy. 
As we have seen in the previous section, the encodings w : A — > B T , which are 



described in (3.7) usually with a discrete Abelian A, correspond to the case (3.2) 



when the general entanglement (2.7) is d- encoding, with the diagonal coupling it = 
w T in the eigen-representation of a discrete probability density p on non- Abelian A. 
The true quantum entanglements with non- Abelian A cannot be achieved by d-, or 
more generally, c-encodings even in the case of discrete A. The nonseparable, true 
entangled states uj called in |2l|| q-compound states, can be achieved by q-encodings, 
the quantum-quantum nonseparable correspondences (|]^) which are not diagonal 
in the eigen-representation of p. 

As we shall prove in this section, the self-dual standard true entanglement vo q = 

vD J q to the probe system (A°,g ) = {b,^, which is defined in (2.S), is the most 



informative for a quantum system (B, <r), in the sense that it achieves the maximal 
mutu al information in the coupled system (A ® B, uj) when uj = uj q is given in 



Let us consider entangled mutual information and quantum entropies of states by 
means of the above three types of compound states. To define the quantum mutual 
entropy we need to apply a quantum version of the relative entropy to compound 
states on the algebra Ai = A® B, called also the information divergency of the 
state u> with respect to a reference state tp on Ai . The relative entropy was defined 
in jl7], |l8|, |l5|, even for the most general von Neumann algebra A4, but for our 
purposes we need the following explicit formulation. 

Let A4 be a semi-finite algebra with normal states u and tp having the density 
operator v'v and ^£jV| with respect to the pairing 

(M, v^v) = t (vMv^ , M E M,vv^ € M 

given by a normal faithful trace r on the transposed algebra Ai = J M.J (not 
necessary decomposable as r = p® v in ( [2~3| ) in the case of M. — A®B). Then the 
relative entropy R(ui;tp) of the state u with respect to if is given by the formula 

(4.1) R (uj '■ (p) = t (y (in v*v — In 0) ir) = r (w (In a; — In 4>)) . 

(For notational simplicity here and below we identify the state uj with its density 
operator v*v). It has a positive value R (oj : <p) E [0, oo] if the states are equally 
normalized, say (as usual) r ( uj) = 1 = r ((f)), and it can be finite only if the state uj 
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is absolutely continuous with respect to the reference state <p, i.e. iff to (E) = for 
the maximal null-orthoprojector E G M, E<fi = 0. This definition does not depend 
on the choice of the semi-finite trace r, and it can be extended also to the arbitrary 
normal lu and cp with unbounded self-adjoint density operators v*v and <fi. 

The most important property of the information divergence R is its monotonicity 



property |17, 20[ , i.e. nonincrease in the divergency R (ujq : ip ) after the application 
of the pre-dual of a normal completely positive unital map K : A4 — > M° to the 
states wo and <£>o on a von Neumann algebra M°: 

(4.2) (oj = w K, ip = ip K) =>• R(lj : <p) <R (ui Q : <p ) . 

The mutual information I (tt) — I (tt*) in a compound state lo, achieved by a 
coupling tt : £> — > A*, or by 7r* : A — > £>» with the marginals 

=w(A® J) = (i,^, ?(B)=w(J®B) = (B.ff),,, 

is defined by the relative entropy 

(4.3) I (tt) = t ( w (In w - In (p ® J) - In (J <g ct))) = R (w : e ® c) 

of the state w on M. = yl<8>£> with respect to the product state ip = g<S>^ for r = fi®v. 
This quantity, generalizing the classical mutual information corresponding to the 
case of Abelian A, B, describes an information gain in a quantum system (A, g) 
via the entanglement zu J = tt , or in (6, <r) via an entanglement tn : A — > £? T . It 
is naturally treated as a measure of the strength of the generalized entanglement 
having zero value only for completely disentangled states lo = g (g) 

Proposition 1. Let (A , /z ) be a quantum system with a normal faithful semifinite 
trace, and ttq : A — > B* be a normal coupling of the state g — v o ttq on A to 
C = pi o tt, defining an entanglement vj = tt* of (A, g) to (B, <;) by the composition 
tt* = 7roK with a normal completely positive unital map K : A — » A° . TTien 
I ( 7r ) ^ ' ( 7r °)j where tt° — ttq. In particular, for each normal c-coupling given 
by j[3.{\ ) such as tt — wj, there exists a not less informative d-coupling tt° = txJq 
with Abelian A corresponding to the encoding vjq = tt q of (B, <;), and the standard 
q-coupling tt° = n q , n q (B) — a^'^Ba 1 ' 2 to g Q = ? on A = B is the maximal 
coupling in this sense. 



Proof. The first follows from the monotonicity property (4.2) applied to the exten- 
sion K (A <g B) = K (A) (g> B of the CP map K from A -> A a to A <g> B -> A <g> B. 
The compound state loo (K (g> I) (I denotes the identity map B — ► £>) is achieved 
by the entanglement = tuoK and ip (K (8 1) = p ® <j , £) = p K corresponding 
to cp Q — g (g <j. It corresponds to the coupling 7r = K*7r which is defined by 
K* : Al -> A as K*p = J (KV ) f J, where 

This mono ton icity property proves, in particular, that for any separable com- 



pound state (3.S) on A®B, which is prepared by the c-entanglement tt c = zvj, 
there exists a d-entanglement w~q = ttq with (A , g Q ) having the same, or even 
larger information gain (|4.3|) . One can even take a classical system (A°,Qq), say 
the diagonal sublalgebra A a ~ on Go = L 2 with the state g , induced by the 
measure pL = p, and consider the classical-quantum correspondence (encoding) 

zu Q (A ) = ( a (x) a x p (dx) , A = f a (x) p (dx) , a e 
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assigning the states <; x (B) = (B,cr x ) to the letters x with the probabilities p (da;). 
In this case the state g is described by the density p — I, the multiplication by 
identity function in L^, w is multiplication by a. = (o~ x ) in L 2 ® TL and the mutual 
information (^^) is given as 

(4.4) 1(0 = / i>x{<T x {lna x -]xia))p(dx)=S(a)- Js(a x )p(dx), 

where S (a) = —v (a In cr). The achieved information gain I (-7T ) is larger than I (tt) 
corresponding to ui — J p x ® a x p (dx) because the c-entanglement vo c in ( |3.5[ ) is 
represented as the composition w^K of the encoding : A — > B T with the CP 
map 

K ( ^/\ m , ... 
given by a (x) — g x (A) for each A £ A. Hence 

tt* (A) = w(A) = r^oKA = tt (KA) , MAeA 
where ttq = ru , an d th us I (tt ) > I (K*7r ) = I (tt), where tt° 



The inequality (4.2) can also be applied to the standard entanglement corre- 
sponding to the compound state ( |2.10| ) on Indeed, any normal entanglement 
w (A) — fi (i^ (A <g> I) 5t), on A into B T described by a CP map A — > £>„, can be 
decomposed as 

li (x f (A <g> I) x) = a 1 / 2 // (X f (A ® /) X) ct 1/2 = wo (KA) , 

where KA = /i (^4 ® 7) JT) is a normal unital CP map A — > B. It is uniquely 
given by an operator X: £®H^>Q®J- with £ = Q p , H = J- a satisfying 

1/2 

the condition X (I ® a) = x, and thus X £ A (g> £>' due to the commutativ- 
ity of 5r with A' ® B and cr with 23. Moreover, the partial trace p of X^X is 
well-defined by (x^x) = a as p (X^X\ — I. Thus vo = tu^K and tt = K*n q , 
where K is a normal unital CP map A — > 6, and K* : S T = $* — > .4*. Hence 
the standard entanglement (coupling) ( |2.9| ) corresponds to the maximal mutual 
information, I (n q ) > I (K*TT q ) = I (tt). | 



Note that the mutual information (|4.3| ) is written as 
' M = ^ (p) + S (cr) — S (w/<p) , 
where ip = p ® v, S (p) = S (f?//z), S (cr) = S (s/v) and 

(4.5) S (uj/(p) — —<p (v (inv'v} v^) = —p> (y'v \nv^v) 

denotes the entropy of the density operator v*v S M. of the state oj with respect 
to the tra ce (p on M.. Note that the entropy S(uj/<p), coinciding with — R(ui : ip) 
(cf. with ( |4.l| ) in the case r = <p), is not in general positive, and may not even be 
bounded from below as a function of lu. However, in the case of irreducible M. it 
can always be made positive by the choice of the standard trace r — Tr on .M, in 
which case it is called the von Neumann entropy of the state u> (= v'v), denoted 
simply as S (u>): 

(4.6) S (uj / t) = -Ttuj In uj = S(lu). 

In the following we shall assume that B is a discrete decomposition of the irre- 
ducible Bi = C (Hi) = Bi with the trace v = Tr-^ = v induced on B* = B T . The 
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entropy S (cr) = S (?/V) of the density operator a for the normal state ? on B can be 
found in this case as the maximal information S (?) = sup I (tt c ) achieved via all c- 
encodings w : A i— > B T of the system (B, ?) such that, w (I) = a, vd 1 — tt c . Indeed, 
as follows from the proposition above, it is sufficient to find the maximum of I (tt) 
over all d-couplings tt — w T mapping B into Abelian A with fixed w (I) = cr, i.e. 



to find maximum of (4.4) under the condition J a x p (dx) — a. Due to positivity of 



the d- conditional entropy 

(4.7) S(n d ) = - J Tr(a x bxa x )p(dx) = J S (o- x )p (dx) 

the information I (tt q ) = I (tt^) has the maximum S (cr) which is achieved on an 
extreme d-coupling TT° d when almost all S (o~ x ) are zero, i.e. when almost all a x are 
one-dimensional projectors cr x — P x corresponding to pure states ? x . One can take 
for example, the maximal Abelian subalgcbra .4° C B generated by P n — \n)(n\ 6 B 
for a Schatten decomposition a = J2 n \ n )( n \p( n ) of cr G B T . The maximal value 
In rank B of the von Neumann entropy is defined by the dimensionality rank B = 
dim .4° of the maximal Abelian subalgebra of the decomposable algebra B, i.e. by 
dim7i. 

However, if tt is not c-coupling, the difference S (ir) = S (cr) — I (jr) can achieve 
the negative value, and may not serve as a measure of conditional entropy in such 
a case. 

Definition 3. The supremum of the mutual information 

(4.8) H(?) =sup{1(tt) : M o7r = ?} = l(7r,), 

which is achieved on A = B for a fixed state c (B) = TT-j-^Ba by the standard 
q-coupling ir q (B) = cr 1 / 2 Ba 1 / 2 , is called q-entropy of the state c;. The maximum 

S (?) = sup {I (ir c ) : (j, o ir c = ?} = I (tt°) 

over all c-couplings tt c corresponding to c-encodings which is achieved on an 

extreme d-coupling n®, is called the c-entropy of the state ?. The differences, 

H(tt) = H(0-IW, S(7r)=S(c)-l(7r), 

are called respectively, the q-conditional entropy on B with respect to A and the 
(degree of) disentanglement for the coupling ir : B — > A. A compound state is said 
to be essentially entangled ifS (ir) < 0, and S (tt) > for a c-coupling ir — 7r c (this 
is called the c-conditional entropy on B with respect to A). 

Obviously, H (?) and S (?) are both positive, do not depend, unlike S (cr) = 
S (<z/v), on the choice of the faithful trace v on B and obey the inequality H (?) > 
S (?). The same is true for the conditional entropies H (tt) and S (tt), where S (ir) 
always has a positive value 

S (tt) > S (tt°) > 

in the case of a c-coupling n = n c due to tt* = 7r^K for a normal unital CP 
map K : A — > A , where 7r° = Tid is a d-coupling with Abelian A°. But the 
disentanglement S (tt) can also achieve the negative value 

(4.9) inf {S (tt) : fi o tt = ?} = S (?) - H (?) = - £ x (i) S (a.,) 
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as the following theorem states in the case of discrete B. Here the <Ji 6 C (Hi) 
are the density operators of the normalized factor-states ?i = x (i)~ q\C (Hi) with 
x(i) = ? (P), where P are the orthoprojectors onto Hi. Note that H (?) = S (?) if 
the algebra B is completely decomposable, i.e. Abelian. In this case the maximal 
value In rank 23 of S (?) can be written as In dim B. The disentanglement S (77) is 
always positive in this case, and S (77) = H (77) as in the case of Abelian A. 

Theorem 3. Let B be a discrete decomposable algebra onH — ®{Hi, with a normal 
state given by the density operator a = ©c (i) with respect to the trace /1 = Tr-^ 
on B, and C C B be its center with the state x = ?|C induced by the probability 
distribution x (i) — Tra (i) . Then the c-entropy S (?) is given as the von Neumann 
entropy l \4-(\ ) of the density operator a and the q-entropy (4-i) is given by the 
formula 

(4.10) H (?) = ^2(x(i)\nx(i) - 2Tru t <T(i)hia(i)) . 

i 

This can be written as H (?) = Hg| C (?) + He (?), where He (?) = — Y2i x(i)\nx(i), 
and 

Hg|c (?) = -2 ^2 H (*) Tl " w < Gi ln ai = 2Sb I c M ' 

i 

with cti = (i) J x(i). H (?) is finite iff S (?) < 00 , and if B is finite-dimensional, it 
is bounded, with maximal value H (?°) = lndim£>, achieved for a° = ©er°x° (i) 

0° = (dim^r 1 / 4 , (i) = dim B(*)/ dimB, 

where dimB (i) = (dim?^) 2 , dimB = £. dimB (i). 

Proof. We have already proven that S (?) = S (cr), where 

s i*) = - E Tr ^ a W lnfT (*) = Sc w + s «ic w . 

i 

with S c (?) = H c (?), S B | C (?) = £x (t) S fo) = |H B , C (?) 



The q-entropy H (?) is the supremum (4.8) of the mutual information (4.3) which 



is achieved on the standard entanglement, corresponding to the density operator 
lu = ®u)(i,k) with uj(i,k) = x(i) cr]"^ 2 )(cr^ 2 |(5^. of the standard compound state 



( p.lOj ) with B = B, p = a. Thus H (?) = I (-K q ), where 

I (77 g ) = Trw (lnw - ln((T <g> I) - ln (I ® a)) = S (w) - 2S (ct) 

= x (i) ln x (i) — 2Tr cr lncr = — x (i) (ln x (i) + 2Tr?£ i cr.j lncrj) . 

i i 

Here we used that Tr uj hxu) — £, x (z) ln x (i) due to 

cjlnw = ©i^-w (i, k) lnw (z, fc) = ©jx(z') |f^ 2 )(t7-V 2 | lnx(z) , 
and that Tr crlncr = X^ x (*0 (hix(z) — Sb ; (?i)) due to 

(j ln cr — ©j<7 (?) ln cr (i) = ©,x (z) cr^ (ln x (i) + ln <7j) 
for the orthogonal decomposition cr = ffljX (z) cr^, where x (i) = Tra (i). 
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Thus H (?) = H e , c (?) + H c (?) - 2S S | C (?) + S c (?) < 2S (?), and it is bounded 

by 

C B = sup ^2>c(i) (2 sup S B(i ) (?;) - In x (i) J 

= — inf y x (i) (In x(i) — 2 In dim7ii) = In dim B. 

Here we used the fact that the supremum of von Neumann entropies S (aC) for the 
simple algebras B (i) — C (TCi) with dimS (i) = (dimHi) < 00 is achieved on the 
tracial density operators er^ = (dimHi) P = cr° , and the infimum of the relative 
entropy 

R(x : x°) =^x(i) (lnx(i) - \nx° (i)) , 

i 

where x° (i) = dim£> (i) / dimB, is zero, achieved at x = h° . | 

Note that as shown in for the case of the simple algebra B, the quantum 
enropy H (?) can be also achieved as the supremum of the von Neumann entropy 
S (g) over all pure couplings given by the isometries X : H — > Q ® H, X^X = 
I preserving the state ?. The latter means that the density operator u) of the 
corresponding compound states with the marginals p = Tr-^cj and a — Trguj is 
given asw = XaX^ . 

5. Quantum Channel and Entropic Capacities 

In this section we describe quantum noisy channel in terms of normal unital CP 
maps and their duals, and introduce an analog of Shannon information for gen- 
eral semifinite algebras. We consider the maximization problems for this quantity 
with various operational constrains on encodings, and define the entropic capacities 
which serve as upper bounds for the operational capacities corresponding to these 
constrains. The question of asymptotic equivalence of the entropic and operational 
capacities is not touched here. 

Let Ti.\ be a Hilbert space describing a quantum input system and TL describe 
its output Hilbert space. A quantum channel is an affine operation sending each 
input state defined on TLi to an output state defined on Ti. such that the mixtures of 
states are preserved. A deterministic quantum channel is given by a linear isomctry 
U: Hi — * H with UW = I 1 (I 1 is the identify operator in Hi) such that each 
input state vector 7j 1 G Hi, \\r)i\\ — 1, is transmitted into an output state vector 
1] = Urj l G H, \\r]\\ = 1. The orthogonal sums ?i = ©?i (n) of pure input states 
?i (B, n) = r/ 1 (n)^ Bi] 1 (n) are sent into the orthogonal sums ? = ®? (n) of pure 
states on B — C (H) corresponding to the orthogonal state vectors 77 (n) — Ut)i (n). 

A noisy quantum channel sends pure input states ?i on an algebra B 1 C C {Hi) 
into mixed ones ? = ?i A given by the composition with a normal completely positive 
unital map A : B — > B 1 . We shall assume that B 1 (as well as B) is equipped with 
a normal faithful semifinite trace vi defining the pairing l^B^u^u^ = vi (u^Buj of 

B 1 and B^ = B\. Then the input-output state transformations are described by 
the transposed map A T : B^ — * B T 

(B, A T (<ti)) = (A (B) , cti) 1 , Be B,^ eB\ 
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defining the output density operators a = A T (a±) for any input normal state 
<Ti (B) = {B,ai) 1 . Without loss of generality the input algebra B 1 can be as- 
sumed to be the smallest decomposable algebra generated by the range A (B) of 
the channel map A (B 1 is Abelian if A (23) consists of only commuting operators on 
Hi). 

The input generalized entanglements w 1 : A — ► including encodings of the 
state ?i with the density a\ = vo 1 (I), will be defined by the couplings k* : B 1 — ► A* 
as vj 1 = k . Here k : A ^ Bl is & normal TCP map defining the state g = v\ o k 
of a probe system (^4, /j) which is entangled to m 1 , ?i) by k (j4) = Jk (A t ) J, and 
the adjoint map k* is defined as usual by 

(A\k* = wi (A* ® B) = {k (A) \B) 1 , VA e A, B e B u 

where u>i is the corresponding compound state on A® B . 

These (generalized) entanglements describe the quantum-quantum correspon- 
dences (q-, c-, or o-encodings) of the probe systems (A, g) with the density oper- 
ators p — k 1 (l 1 ), to the input (/S^^i) of the channel A. In particular, the most 

informative standard input entanglement w q : B 1 — > Bj is the entanglement of 
the transposed input system (A°,g ) — (b 1 ,^] corresponding to the TCP map 

K q (A) = Ja\' 2 A^a\' 2 J. In the case of discrete decomposable A — B 1 = B 1 
with the density operator <j\ = ®i<J\ (i) this extreme input q-encoding defines the 
following density operator 

(5.1) u, = (I®AT)(w,i) J w gl = ©i|(Ti {i) 1,2 ){(Ti {if 12 | 

of the input-output compound state to q iK on A <£) B = B 1 (g> B. 

The other extreme case of th e generalized input entanglements, the pure c- 
encodings corresponding to ( |3.2[ ), are less informative then the pure d-encodings 
w\ = K d given by the decompositions n* d = \n)(n\^i (n) with pure states {B,n) = 
Tj (n) Br\ (n) on B\. They define the density operators 

(5.2) io d = (I® A T ) (u dl ) , uj dl = Y^ \n){n\®T)i 00 Vi 00* > 

n 

of the B 1 ® £>-compound state LOdiA = ugi o (I ® A). These are the Ohya compound 
states w = w iA @ in the case 

cti (n) = ?7i (n) ?7i (n) f , 77? 00 Vi ( m ) = Pi ( n ) C> 

of orthogonality of the density operators 01 (n) normalized to the eigen- values pi (n) 
of a\. The o-compound states are achieved by pure o-encodings w d = k q described 
by the couplings K Q = M(n\<;° (n) with <;° corresponding to 77°. The input-output 
density operator 

(5.3) u = (I® A t )uj o1i uj o1 = \n)(n\ ®rj° (n) 77° (n) 1 

n 

of the Ohya compound state uj is achieved by the coupling A = n* A of the output 
(B, <;) to the extreme probe system (A°,g ) — (B 1 ,?!) as the composition of n* 
and the channel A. 

If K : A. — * A is a normal completely positive unital map 

K (A) = Trjr_ XAX^ , AG A, 
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where X is a bounded operator T- <Z>Go — ► G with Trjr_ AT^AT = 1°, the compositions 
k = KoK, 7r = A*k describe the entanglements of the probe system (A, g) to the 
channel input (B 1 , ci) and the output (B, <r) via this channel respectively. The state 
g = g Q K is given by 

K T (po) = X (J- ® p ) 6 ^ 

for each density operator p S „4j, where 7 _ is the identity operator in T-. The 
resulting entanglement 7r = A*K defines the compound state to = cjoi ° (K <g> A) on 
A <g> B with 

woi (^4° <8> S 1 ) = Tr i ^ (B 1 ) = Tr (A ® B 1 ) C i 

on A ® B 1 . Here Uoi : £?o <8 Wi — > ^bi is the amplitude operator uniquely defined 
by the input compound density operator wqi S .4^ ® B* up to a unitary operator 
U° on J-qi. The effect of the input entanglement k and the output channel A can 
be written in terms of the amplitude operator of the state lo as 

v = (X $ Y) (r $ voi ® /+) 17 

up to a unitary operator {J in J 7 = .F_ ® .Fqi ® Thus the density operator of 
the input-output compound state oj is given by cJoi (K ® A) with the density 

(5.4) (K <g> A)* (w 01 ) = (X <g> F) cjoi (X ® Y") f , 

where Woi = uoi^oi- 

Let /C* be the set of all normal TCP maps k : A^ B\ with any probe algebra A 
normalized as TrK (I) — 1 and IC q (Vi) be the subset of all k S /C* with k (J) = ci- 
Each k £ ICg can be decomposed as K q K, where K q : A —> B 1 defines the standard 
input entanglement vo q = K q , and K is a normal unital CP map A — » B 1 . 

Further let K,], be the set of all CP-TCP maps k described as the combinations 

(5.5) n{A)=Y J Q n (A)a 1 {n) 

n 

of the primitive maps A i— > g n (A) o\ (n), and JC d be the subset of the diagonalizing 
entanglements k, i.e. the decompositions 

(5.6) K{A) = ^{n\A\n)ai{n). 

n 

As in the first case /C c (^i) and JCd (<Ti) denote the subsets corresponding to a fixed 
k{T) = <ti ■ Each JC C (?i) can be represented as the composition k = k^K, where 
Kd normalized to ?i describes a pure d-encoding w\ — K d of (B 1 ,^) for a proper 
choice of the CP map K : A — > B 1 . 

Furthermore let /C D (and /C (<Ti)) be the subset of all decompositions (|5.6|) with 
orthogonal o\ (n) (and fixed ^ n a% (n) = <j\): 

o\ (m) <j\ (n) = 0, m ^ n. 

Each k € /C (^i) can also be represented as k = k K, with k describing the pure 
o-encoding w\ — n a of (B 1 ,^) = (.4°, p ). 

Now, let us maximize the entangled mutual entropy for a given quantum channel 
A (and a fixed input state d on the decomposable B 1 = B 1 ) by means of the above 
four types of entanglement k. The mutual information ( |4.3| ) was defined in the 
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previous section by the density operators of the corresponding compound state ui 
on A ® B and the product-state <p = g (8> £ of the marginals g, <; for lj. In each case 

lu = uqi (K ® A) , tp = ip Q1 (K <g> A) , 

where K is a CP map .A — ► .A = S 1 , Woi is one of the corresponding extreme 
compound states u> q i, uj c \ — w<ii, w oi on B 1 g 6 , and <p i = /3 ® The density 
operator uj = (K ® A) T (w i) is written in (|5.4|), and (f> = p®a can be written as 

</> = k t (I) <E> A T (7) , 
where A T = A 1 "^. This proves the following proposition. 

Proposition 2. The entangled mutual informations achieve the following maximal 
values 

(5.7) sup l( K *A) = l 9 (ft,A):=l(/c*A), 

kEC,(<;i) 

l c (ft,A):= sup l(K*A) = supl(/c d A) = l d (ft,A), 

(5.8) sup l(/c*A) = l (?i,A):=Biipl(/£A), 

where k. are the corresponding extremal input couplings A — > i?^: wii/i (iok* = ft . 
T/iej/ are ordered as 

(5.9) I, (ft, A) > l c (ft, A) = l d (ft, A) > l (ft, A) . 

In the following definition the maximal information l c (ft, A) = l d (ft, A) is simply 
denoted as li (ft, A). 

Definition 4. The suprema 

C q (A) = sup I (k*A) = sup I, (ft, A) , 

(5.10) sup I («*A) = Ci (A) := sup b (ft, A) , 
C (A) = sup I (k*A) = sup l (ft, A) , 

kG/CJ fi 

are called the q-, c- or d-, and o-capacities respectively for the quantum channel 
defined by a normal unital CP map A : B — > B 1 . 



Obviously, the capacities (5.10) satisfy the inequalities 

C (A) < d (A) < C q (A) . 

Theorem 4. LetA(B) = W BU be a unital CP map B — > B 1 describing a quantum 
deterministic channel. Then 

h (ft, A) = l (ft, A) = S (ft) , I, (ft, A) = S q (ft) , 

where S q (ft) = H (ft), and t/ius m £/iis case 

Ci (A) = Co (A) = In ranki? 1 , C q (A) = In dim B 1 . 
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Proof. It was proved in the previous section for the case of the identity channel 
A = I and is thus also valid for any isomorphism A : fi h W BU describing the 
state transformations A T : a i— » YcrY> by a unitary operator U = Y. In the case of 
non-unitary Y we can use the identity 

Tr Y (a t ® /+) Y f In Y (a x ® /+) F f = Tr S (a x ® /+) In S (a 1 ® 1+) , 

where S = Y^Y . Due to this S (ftA) = -Tr 5 (<7i «iJ+)lnS' (<ti ® Z+), and 
S(w i (K ® A)) = 

-Tr (i? 5) (J - woi ® / + ) In (i? (8> S) (l~ ® cj i O I + ) , 

where i? = X^X. Thus S (ftA) = S (ft), S (w i (K <g> A)) = S (o; i (K <g> I)) if Y*Y = 
I, and 

I ((ttiA)) = S (g K) + S (ft) - S (u 01 (K ® I)) 

< S (g Q ) + S (ft) - S (cjoi) = I (woi) 

for k = «oK with any normal unital CP map K : ^4 — > A and a compound 
state u>oi on ^4° ® B 1 . The supremum ( |5.7| ), which is achieved at the standard 
entanglement, corresponding to woi = Wqi, coincides with q-entropy H (ft) and 
the supremum ( |5.8| ), coinciding with S (ft), is achieved for a pure o-entanglement, 
corresponding to u>oi — to a i given by any Schatten decomposition for a\. Moreover, 
the entropy H (ft) is also achieved by any pure d-entanglement, corresponding to 
dJoi = i^>di given by any extreme decomposition for o~\ and thus is the maximal 
mutual information li (ft, A) in the case of deterministic A. Thus the capacity 
Ci (A) of the deterministic channel is given by the maximum C D = IndimHi of the 
von Neumann entropy S, and the q-capacity C q (A) is equal Cjgi — In dim B . | 

In the general case, d-entanglements can be more informative than o-entanglements 
as can be shown by an example of a quantum noisy channel for which 

li(ft,A) > l (ft,A), d(A)>C (A). 

The last equalities of the above theorem are related to the work on entropy by 
Voiculescu p3fl . 
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